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Dynamic Buckling of Imperfect Cylindrical Shells
Under Axial Compression and Bending Moment

Xiaozhi Huyanxand George J. Simitses’
University of Cincinnati, Cincinnati, Ohio 45221

The dynamic stability of circular metallic and laminated cylindrical shells is investigated. The cylinders are
geometrically imperfect and subjected to axial compression or pure bending moment. These loads are suddenly
applied with constant magnitude and finite or infinite duration. The finite element method is employed to generate
dynamic responses and the equations of motion approach to determine dynamic critical loads. The effects of load
duration and imperfection amplitude on critical loads are discussed. It is found that the dynamic critical loads
decrease with increasing load duration and converge to those for the load case of infinite duration. The convergence
rate is related to the fundamental frequency of the cylinder. In addition, both the static and dynamic critical loads

decrease with increasing imperfection amplitude.

I. Introduction

HE problem of dynamic stability of circular cylindrical shells

has been studied by many researchers, and it encompasses
many classes of problems and many physical phenomena. Paramet-
ric resonance or parametric excitation, =3 pulse buckling*~¢ and
solid—fluid interaction’ represent but a few subjects of these stud-
ies. See, for example, the review papers by Svalbonasand Kalnins }
Hsu,’” and Simitses.'”

The dynamic buckling of cylindrical shells subjected to suddenly
applied axial compression of constant magnitude and infinite du-
ration was first studied in Ref. 11, where a two-degree-of-freedom
system was modeled and the Galerkin method was employed. Roth
and Klosner!? applied the potential energy method and treated the
problem as a four-degree-of-freedomsystem that they studied nu-
merically. Using the same model and the Budiansky-Roth!® cri-
terion, Tamura and Babcock!* presented dynamic critical loads of
an imperfect thin circular cylindrical shell. Their analysis included
the effect of axial inertia and of an attached mass on the loaded
edge of the shell. Moreover, they provided results for L/ R=2 and
R/h = 1000 and various values of the initial imperfection, which
were experimentallyestablished. Based on theirwork, Simitses'” in-
vestigatedthe effectof static preloadingon the dynamiccritical load.
He employed the total potential energy approach to estimate critical
conditions. The dynamic buckling analysis of laminated cylindri-
cal shells under the same loading condition was also performed by
him. !¢

The dynamic buckling of imperfect circular metallic and lami-
nated cylinders is studied in this paper and the following points are
emphasized.

1) The cylinders are subjected to two dynamic loads: axial com-
pression or pure bending moment (Fig. 1).

2) Two load models are established for each load case: axial
compressionand pure bendingmoment. One is the suddenlyapplied
load with finite duration (load model 1) and the other is suddenly
applied load with infinite duration (load model 2). In all cases, the
load is constant in magnitude (see Fig. 2 and note that 7 denotes
the value of load duration).

3) The effects of imperfection shape and amplitude, and load
duration on dynamic critical loads are considered.
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The dynamic buckling is assumed to occur in the load duration.
There exist instances where dynamic buckling in a structure occurs
after large time compared to the duration of the applied load.!”-!8
Such a possibility is excluded in the present study.

II. Methodology
A. Criteria for Dynamic Critical Conditions
There are three methods used by the various investigators in es-
timating critical conditions for dynamically loaded elastic systems.
They are the total energy-phaseplane approach,!®=2! the total poten-
tial energy approach>'-2? and the equations of motion approach.!?
Their concepts and details are described as follows.

1. Total Energy-Phase Plane Approach

Critical conditions are related to characteristics of the system
phase plane, and the emphasis is on establishing sufficiency con-
ditions for stability (lower bounds) and sufficiency conditions for
instability (upper bounds). For a one-degree-of-freedan system, the
energy balance equationis plotted in the phase plane for various val-
ues of the load parameter. When load parametersare small, the curve
is a closed one and the motion is bounded and, therefore, it is stable.
As the load parameter is increased, a value is reached at which an
escaping motion is possible and the system is in critical condition.
2. Total Potential Energy Approach
Critical conditionsare related to characteristicsof the systemtotal
potential. Through this approach, also, the lower and upper bounds
of critical conditions are established. The energy balance equation
is used and the total potential is plotted vs the system generalized
coordinatesfor various values of the load parameterin this approach.
When escaping motion is possible, a critical condition exists.
3. Equations of Motion Approach
The equations of motion are numerically solved for various val-
ues of the load parameter, thus obtainingsystemresponses. The load
parameter, at which there exists a large change inresponses, is called
critical. This approach is easily adapted to computational methods
such as finite element codes and, therefore, it has become very pop-
ular in application. In addition, it has met with success when applied
to systems that exhibit violent buckling (limit point and bifurcation
point with unstable postbuckling branch) under static loads. Cylin-
drical shells are typical violent buckling configurations.!® Hence,
this criterion is employed in the present work.

B. Finite Element Method

There are four approaches? to applying finite element methods
foranalyzingshellstructures: 1) generalthree-dimensionalelements
could be used, 2) the shell structure is faceted with flat elements,
3) one of severalshelltheories is employedto developa curved-shell
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Fig.1 Cylinders under axial compression or pure bending moment.
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Fig.2 Suddenly applied load with constant magnitude.

element, and 4) the curved-shellelements are formed by degenerat-
ing the three-dimensional strain-displacement relations. Inasmuch
as a shell is characterized by the dimension in the thickness direc-
tion being smaller than the in-plane dimensions, numerical ill con-
ditioning may result by using three-dimensionalelements to model
shell structures. Additionally,many degreesof freedom would be in-
volved, which may not be necessary. Approach 2 must contend with
discontinuous bending moments between elements and achieves
convergenceonly for fine meshes. The acceptanceof approach 3 has
been hindereddue to the absenceof a generalnonlinear shell theory.
Approach 4 is perhaps the most popular method and first appeared
in the form of the Ahmad et al.>* element. They are superpara-
metric elements and can exactly simulate parabolic curved shells.
Moreover, the transverse displacementsand rotations are treated in-
dependently in elements of this type and, hence, they are well suited
to thick cylindricalshells and laminated cylindricalshells by the aid
of shear deformation theories. Hence, the element of this type is
employed to obtain the response of a cylindrical shell under a dy-
namic load. The ANSYS computer code is chosen, and the analysis
proceduresare the same as those used in Ref. 25. For completeness,
the stress resultant acting on the ends of a cylinderis given by

Ny = N, + Nj cos(6) )]

where Nj, is the maximum load per unit circumferencedue to bend-
ing moment

M= RN, (2

and N, is the axial compression load per unit of circumference. The
cylinderis under pure bendingif N, = 0 and under pure compression
if N, = 0. The end load is transferred to equivalent nodal forces in
the finite element model.?> The dynamic critical compression load
and bending load are represented by (N, ), and (N, )., respectively.
Moreover, two eight-node elements are selectedto includethe effect

of transverse shear deformation, and the reduced shear moduli are
used in the formation of stiffness matrices to avoid shear locking
for thin cylinders.

In the dynamic analysis, the basic equations of motion of a cylin-
drical shell are

[M]{'u}+ [C]{l)}+ [K]{u}: {F(t)} (3)

where [ M] = mass matrix, [C] = damping matrix, [ K] = stiffness
matrix, including nonlinearity, fk l: nodal acceleration vector, fu
= nodalvelocity vector, iu = nodaldisplacementvector,and {F( )3
= load vector. After replacing the time derivatives gzkand 1 wit
differences of displacement {g‘} at various instants of time By using
the Newmark time integrattor scheme,”® these equations can be
thought of as a set of static equilibrium equations that also take into
account inertia forces [ M] fk]hand damping forces [C]fu. They are
solved with the aid of th¢ Newton-Raphson procedure?’ In the
direct integration method, the time increment between successive
time points is called the integrationtime step. Because the response
can be thoughtof as a combinationof modes, the time step should be
able to resolve the highest mode that can contribute to the response.
It has been found that using approximately 20 points per period of
the highest frequency of interest results in a reasonably accurate
solution. That is, if f; is the frequency of the highest considered
mode, the time integrationstep AT is given by

AT < 1/20f; 4

In the present analysis, the effect of damping is ignored and all the
initial displacements and velocities are set to be zero.

The natural frequenciesand mode shapes of a cylinder have been
determined in Ref. 28 by using the modal analysis procedure. It is
an eigenvalue problem and easy in execution. The effects of imper-
fectionand prestress are consideredhere, because it has been shown
that the fundamental frequency of a cylinder (free of prestress) can
be reduced by as much as 65% if certain imperfection shapes are
employed.

C. Procedures to Determine Dynamic Critical Loads

The critical conditions are characterized by a large change in
dynamic responses for load model 1 and through a plot of load F,
vs duration time 7" for load model 2. First, consider a cylindrical
shell subjected to suddenly applied axial compression or bending
moment with finite duration 7' (load model 1). To get the dynamic
critical load, the following three steps are applied.

1) Calculate the frequencies of the cylinder under each load pa-
rameter and determine the integrationtime step accordingto Eq. (4).

2) Solve the equationsof motion for several load parameter values
and obtain the dynamic responses.

3) Determine the dynamic critical load as the load at which there
is a large change in transient response (see Ref. 16).

Figure 3 presents the dynamic responses of a point on the com-
pressive side of the metallic cylinder subjected to suddenly applied
bending moment of finite duration with four load magnitudes. The
curve of load N, = 6950 Ib (Fig. 3a) is a regular response, and the
cylinder vibrates about its equilibrium position. From N, = 6981
to 6985 Ib (Figs. 3b and 3c), there is a great change between two
responsesalthoughthe differencein load is only 4 Ib or 0.06% of the
total load. This is the critical conditionaccordingto the Budiansky—
Roth ' criterionand the load average N, = 6983 Ibis regardedas the
critical dynamic load of the cylinder. Finally, Fig. 3d gives the re-
sponse curve correspondingto N, = 7009 Ib, which is the maximum
load that yields the converged dynamic response.

It is found that the dynamic critical loads of a cylinder decrease
quickly with increasing load duration and converge to a certain
value in the case of load model 1 (Fig. 4). This value is defined as
the critical load for the load case of infinite duration (load model 2).

III. Verifications and Results
Numerical results are presented for two distinctly different con-
struction groups. The first one consists of an isotropic cylindrical
shell and the second of a laminated shell. The material properties,
geometrical properties, and all pertinent information are given for
each group.
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For the metallic shell (aluminum alloy): E=10.5
u=0.3, p=2.45.,10-* Ib-s*/in.*, 0.004 <h «0.050m., R=4
in., and L =4 in. The metallic shell is simply supported. All of the
initial displacements and velocities are set to be zero for the initial
conditions. The geometrical imperfection shape is

X 10° psi,

w0 = ahl—cos(27x/ L) + 0.1sin(7x/ L) cos160]  (5)
Note that a is the imperfection amplitude parameter and / the buck-
ling wave number in the circumferentialdirection. The imperfection
shape is taken to be the same as that in Ref. 16, for the purpose of
comparing results. It is known from Refs. 25 and 28 that the in-
ward (positive ) and outward (negative ) imperfections have the
same influence on the static critical compressionloads. For the static
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bending case, the small outward imperfection (¢ = _0.1) generates
a stabilizingeffect but is too small to be considered. Therefore, only
the inward imperfection is investigated.

The second shell is laminated (boronfepoxy AVCO 5505)
with Ell =30 106, Ezz =27 106, and E33 =27 106 pSl,
G12=0.65510°, G13=0.65y1 6, and Gy =0.37 XIO6 psi;
U>=0.21,"t;3=0.21,and ;= 0.45; and p=1.9134'5, 10-* Ib-
s2/in.*. The geometrical properties are R=7.5, L="7.5, hy, =
0.0053,and 1 = 4/, = 0.0212 in. It is simply supported. All of the
initial displacements and velocities are set to be zero for the initial
conditions. The stacking sequence is [45/ _45],. The imperfection
shape is

wi.g = ahsin {77r[(x/ L) _%]}cos 40 (6)

Table1 Dynamic critical loads (Ib/in.) and pertinent information of verification examples

Load duration, 10— s

Rh  a I fHz AT, s 1.0

1.25

1.50 1.75 2.00 2.25 Ref. 16 % Difference

580.01 5., 10-°
5
691.14 5510
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Fig.3a Dynamic response of the metallic cylinder under bending load N, = 6950 Ib.
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Fig.3b Dynamic response of the metallic cylinder under bending load N, = 6981 1b.
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Fig.3c Dynamic response of the metallic cylinder under bending load N, = 6985 Ib.
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Fig.3d Dynamic response of the metallic cylinder under bending load N, = 7009 1b.

T

Fig.4 Dynamic critical loads of finite duration converge to the critical
load for the load case of infinite duration.

This imperfection shape is the static linear buckling mode. It is
known from static analysis® that the cylindrical shell is sensitive
to geometric imperfections. An imperfection shape similar to the
linear buckling mode yields the lowest critical load. This shape is
also used in the dynamic buckling analysis. Note that the cylinder
is thin, with a radius-to-thicknessratio R/ h = 354.

A. Verification Examples

The examples of metallic cylinders under axial compression with
differentradius-to-thicknessratios and imperfectionamplitudes are
generatedto verify the solutionmethodology. All dynamical critical
loads and pertinent parameters are listed in Table 1. The reference

results are taken from Chap. 9 of Ref. 16. They correspond to the
load case of infinite duration. The Galerkin procedure and the finite
difference method were employedto solve the governingequations.
By applying the Hoff-Simitses criterion,2!-?? the dynamic critical
loads were determined from the total potential energy of the cylin-
drical shells. In the present analysis, the integration time step AT
isassigned as 0.5y, 10=" s to satisfy Eq. (4) for, at least, the first 10
vibration modes in both examples. It can be seen that the dynamic
critical loads converge to 19.7 and 43.8 Ib/in., respectively, which
are regarded as the critical loads for the load case of infinite dura-
tion. The differences between the present and reference results are
within 5%.

B. Effect of Load Duration on Dynamic Critical Loads

Tables 2 and 3 list the dynamic critical loads for the metallic
cylinder [with n = 13, Eq. (5)] subjected to compression and bend-
ing moment, respectively. They are also plotted in Figs. 5 and 6 vs
the load duration value. The metallic cylinderis relativelythick, with
R/ h = 50. The integration time step AT is taken as 5,10 s. In
both load cases, the dynamic criticalloads decrease quickly with in-
creasing load duration and converge to critical loads corresponding
to the load case of infinite duration.
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Table2 Dynamic critical loads (Ib/in.) of the
metallic cylinder under compression
vs load duration values

T, ms a=0.1 a=0.5
0.05 25,250.0 18,550.0
0.10 15,370.0 12,150.0
0.50 10,425.0 9,450.0
1.00 9,225.0 7,108.0
1.50 8,173.8 5,600.0
2.00 7,594.0 4,712.0
3.00 6,463.0 4,497.0
4.00 6,463.0 4,497.0
Static 9,008.3 5,675.0
(NY)al (N.)s? 0.72 0.79

4Ratio of the dynamic critical compression or bending
load for the infinite duration load case to the correspond-
ing static critical load.

HUYAN AND SIMITSES

Table 3 Dynamic critical loads (Ib/in.) of the
metallic cylinder under bending
vs load duration values

T, ms a=0.1 a=0.5
0.05 25,425.0 20,930.0
0.10 14,975.0 12,912.0
0.50 7,803.0 6,098.0
1.00 7,012.5 4,197.5
1.50 6,982.5 4,087.0
2.00 6,735.0 3,965.0
2.50 6,682.5 3,940.0
3.00 6,667.5 3,940.0
Static 7,976.7 4,866.7
(Np)al (Np)s* 0.84 0.81

4Ratio of the dynamic critical compression or bending
load for the infinite duration load case to the correspond-
ing static critical load.

(N4 (10% Ibshin)

(Ny), (10° los/n)

Static |
Dynamic
4
I i I e
0 1 2 3 4
T (1073ec.)
Fig.5 Dynamic critical compression loads of the metallic cylinder vs load duration.
—————— Static |
Dynamic 1
t .
P O O RS S IS S S
0.0 0.5 1.0 1.5 2.0 2.5
T (107Sec))

Fig. 6 Dynamic critical bending loads of the metallic cylinder vs load duration.



HUYAN AND SIMITSES 1409

It can be seen that if the load durationis small the dynamic critical
loads are severaltimes higher than the corresponding static critical
loads. On the other hand, the critical loads for the infinite duration
load case are smaller than the correspondingstatic critical loads. An
attempt is made herein to explain this by taking into consideration
the kinematic response as well as the level of the kinetic and poten-
tial energies. When a cylindrical shell is suddenly subjected to an
axial compression or a bending moment, it begins to vibrate with
transverse waves in both the longitudinaland circumferentialdirec-
tions. The wave number and the wavelength depend on the cylinder
configuration and the applied load. The larger the applied load, the
larger the wave number and the shorter the wavelength. The wave
number decreases rapidly with duration time to that of the static
bucklingmode. Therefore, if the load duration is small, the cylinder
hashigh wave number and short wavelength and, hence, it can with-
stand larger loads. When the load duration time becomes large, the
cylinder vibrates with the static buckling mode. The kinetic energy
transfers into potentialenergy, partly or completely, at some point in
time so that the cylinder deforms more than it does under static load
with the same magnitude. This makes the cylinder resist a smaller
load than the static critical load.

150 —

Similar observations hold for the laminated geometry. The re-
sults are listed in Tables 4 and 5 and are plotted in Figs. 7 and 8. In
the calculation, the integration time step AT'is taken as 5, 10> .
The convergence rates of dynamic critical loads are related to the
fundamental frequencies of cylindrical shells. Table 6 lists the im-
perfectionamplitudesand the fundamentalfrequenciesof the metal-
lic and laminated cylinders. It can be concluded that the larger the
frequency, the faster the critical loads converge to the value of the
dynamic criticalload for the infinite duration case. This is supported
by the following.

1) The critical compression and bending loads of metallic cylin-
ders converge after T = 0.7 \» 10—--3.5, 103 s and those for the
laminated cylinders after 7= 7, 10— § because the frequencies
of the laminated cylinder are one order of magnitude smaller than
those of the metallic cylinder.

2) The frequency of the metallic cylinder with ¢ = 0.1 is 2635.6
Hz and with a=0.5 is 2014.0 Hz (Table 6). Consequently, the
critical loads for a = 0.1 converge faster than those for a =0.5 in
Figs. 5and 6. For the laminated cylinders, the frequenciesare almost
independent of imperfection amplitude values and, hence, the crit-
ical loads reduce at the same rate. In addition, the critical bending
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Fig.7 Dynamic critical compression loads of the laminated cylinder vs load duration.
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Fig.8 Dynamic critical bending loads of the laminated cylinder vs load duration.
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loads converge faster than the critical compression loads for the
metallic cylinder.

For the load case of infinite duration, the dynamic critical loads
are always smaller than the correspondingstatic critical loads. The
ratios of dynamic critical loads to static critical load range from
0.72 to 0.96 in the studied cases. The ratios of critical bending
stresses are larger than those of compression stresses for both the
metallic cylinderand the laminated cylinder. Hence, the differences
of dynamic and static critical loads for bending case are smaller
than those for compression case. Also, these differences are larger
for the metallic cylinder than those for the laminated cylinder.

C. Effect of Imperfection Amplitudes on Critical Loads
The static and dynamic critical loads of the metallic cylinder are
listed in Tables 7 and 8. They are also described in Figs. 9 and 10 vs

Table4 Dynamic critical loads (Ib/in.) of the
laminated cylinder under compression
vs load duration values

T, ms a=0.25 a=0.5
1.00 139.5 121.0
2.50 99.50 85.50
5.00 78.25 57.75
10.0 69.51 54.88
15.0 69.51 54.88
Static 82.22 60.05
(Ne)al (N)s* 0.85 0.91

4Ratio of the dynamic critical compression or bending
load for the infinite duration load case to the correspond-
ing static critical load.

Table 5 Dynamic critical loads (Ib/in.) of the
laminated cylinder under bending
vs load duration values

T, ms a=0.25 a=0.5
1.00 153.0 144.5
2.50 108.5 98.50
5.00 92.70 77.00
10.0 85.65 70.35
15.0 85.65 70.35
Static 95.56 73.33
(Np)al (Np)s* 0.90 0.96

4Ratio of the dynamic critical compression or bending
load for the infinite duration load case to the correspond-
ing static critical load.

imperfection amplitudes and load duration values for compression
and bending cases, respectively. Those for the laminated cylinder
are presented in Tables 9 and 10 and plotted in Figs. 11 and 12.
Both static and dynamic critical loads decrease with increasing im-
perfectionamplitude for all configurations. The rate dependson the
load duration, and the longer the load duration is, the larger the
rate of decrease. In addition, the static critical loads decrease faster
than the dynamic critical loads. For example, in the bending case of
the metallic cylinder, the critical loads for ¢ = 1.0 are 0.51, 0.41,
0.39, and 0.35 of those for ¢ = 0.0 and for load duration values of
T =0.5,1.0,2.0 ms and the static case, respectively.

Table 6 Fundamental frequencies

of cylindrical shell
Metallic cylinder Laminated cylinder
a f, Hz a f, Hz
0.00 2793.3 0.00 490.3
0.10 2635.6 0.05 490.1
0.25 2381.0 0.10 489.7
0.50 2014.0 0.25 486.6
1.00 1630.9 0.50 477.7

Table 7 Dynamic critical loads (Ib/in.) of the metallic
cylinder under compression vs imperfection
amplitudes and load duration values

a 0.5ms 1.0ms 2.0ms Static
0.0 10,809.0 10,360.0 8,319.60 9,871.40
0.1 10,425.5 9,225.00 7,595.75 9,008.3
0.5 9,450.00 7,108.00 4,712.00 5,675.00
1.0 8,498.90 5,774.80 3,850.40 4,475.00
RA1? 0.80 0.54 0.47 0.45

4Ratio of the critical load for @ = 1.0 to the critical load for a = 0.0.

Table 8 Dynamic critical loads (Ib/in.) of the metallic
cylinder under bending load vs imperfection
amplitudes and load duration values

a 0.5ms 1.0 ms 2.0 ms Static
0.0 9000.0 7275.0 7112.5 9236.7
0.1 7803.0 7012.5 6735.0 7976.7
0.5 6098.0 4197.5 3965.0 4866.7
1.0 4600.0 3000.0 2800.0 3206.7
RAI1? 0.51 0.41 0.39 0.35

4Ratio of the critical load fora = 1.0tothe critical load fora = 0.0.
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Fig.9 Critical compression loads of the metallic cylinder vs imperfection amplitudes.
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Fig.10 Critical bending loads of the metallic cylinder vs imperfection amplitudes.
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Table9 Dynamic critical loads (Ib/in.) of the
laminated cylinder under compression
vs imperfection amplitudes

a 2.5ms 10 ms Static
0.00 135.0 101.6 129.1
0.05 126,3 95.24 120.2
0.10 118.8 89.25 108.9
0.25 99.50 69.51 82.22
0.50 85.50 54.88 60.05
RA2? 0.63 0.54 0.46

4Ratio of the critical load for @ = 0.5 to the critical load
for a = 0.0.

Table 10 Dynamic critical loads (Ib/in.)
of the laminated cylinders under bending
moment vs imperfection amplitudes

a 2.5ms 10 ms Static
0.00 136.5 111.3 143.5
0.05 131.0 109.75 131.1
0.10 126.0 105.0 120.2
0.25 108.5 85.65 95.56
0.50 98.50 70.35 73.33
RA2? 0.72 0.63 0.51

4Ratio of the critical load for a = 0.5 to the critical
load for a = 0.0.

IV. Conclusion

1) The equations of motion approach (Budiansky-Roth!?) is suc-
cessfully applied to calculate the dynamic critical loads of imperfect
circular cylindrical shells subjected to suddenly applied axial com-
pressionand bending moment with finite and infinite duration. This
method is easily adapted to computational tools such as finite ele-
ment codes and has met with success when applied to systems that
exhibit violent buckling under static loads.

2) The dynamic critical loads are strongly dependent on the load
duration. They decrease rapidly with increasing load duration in
all cases and converge to those corresponding to the load case of
infinite duration. The convergencerate depends on the fundamental
frequencies: the larger the fundamental frequency, the faster the
critical loads converge.

3) The imperfect shape has significant effect on static critical
loads, and the worst shape is the one corresponding to the linear
bucklingmode.?* For both metallicand laminated cylindricalshells,
the static and dynamic critical loads reduce with increasing imper-
fection amplitude in both cases of compression and of bending.
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